oy
e
ae

International Journal of Theoretical & Applied Sciences,  14(2): 26-31(2022)

ISSN No. (Print): 0975-1718
ISSN No. (Online): 2249-3247

Odd Sum Labeling for Complete Bipartite Graph and its Splitting and Subdivision

M.M. Trivedi and Venus Chaudhary*
Department of Mathematics, Maharaja Krishnakumarsinhji Bhavnagar University,
Bhavnagar (Gujarat), India.

(Corresponding author: Venus Chaudhary*)
(Received 21 August 2022; Accepted 30 September 2022)
(Published by Research Trend, Website: www.researchtrend.net)

super subdivision.

ABSTRACT: In this article the discussion has been carried out on odd sum labeling of a complete bipartite
graph K, ,, splitting graph of K, subdivision of K ,,, a super subdivision of cycle C,,, when each edge of
the cycle is replaced by K, , and an arbitrary super subdivision of path P, when each edge of the path is
replaced by K;,, with arbitrary m;. The aim of this paper is to bring together original research and
review articles discussing recent developments in graph labeling. This paper summary is to show the path
for new learners to work in the field of odd sum labeling of graphs.
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I. INTRODUCTION

Most graph labelings trace their origins to labelings
presented by Rosa [1]. He identified three types of
labelings, which he called a, § —,
and p —labelings. § —labeling was renamed as graceful
labeling by Solomon Golomb. A detailed survey on
graph labeling is updated every year by Gallian [2].
Somasundaram and Ponraj [3] have studied the mean
labeling of a path, cycle and complete graph. Mean
labeling of a double triangular snake graph and a double
quadrilateral snake graph was studied by Gayathri and
Gopi [4]. The idea of odd sum labeling was given by
Arockiaraj and Mahalakshmi [5] with odd sum labeling
of a path, cycle, balloon graph, ladder graph,
quadrilateral snake graph, bistar graph and cyclic ladder
graph. Arockiaraj et al. [6, 7] discussed the odd sum
property of some subdivision graphs and graphs
obtained by duplicating any edge of some graphs. Gopi
[8] investigated odd sum labeling of some tree-related
graphs such as the H graph of a path, the twig graph, the
graph P(m,n) and the graph (B,,S,). Gopi and
Iraudaya Mary [9] studied the odd sum property for the
slanting ladder graph, the shadow graph of a star graph
and bistar graph, the mirror graph of a path and the
graph obtained by duplicating a vertex in a path. The
concept of odd-even sum labeling was first given by
Monika and Murugan [10] with odd-even sum labeling
of path, star, bistar and some standard graphs. General
results on odd-even sum labeling are presented by
Kaneria and Andharia [11]. Andharia and Kaneria [12]
defined even sum labeling. Even sum labeling of
various graphs are presented by Kaneria and Andharia
[13, 14].

Odd sum labeling and odd sum graph is defined in [5]
as, “An injective function
f:v(G) - {0,1,2,.... ,|E(G)|} is said to be an odd
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sum labeling if the induced edge labeling f* defined by
fruv) = f(w) + f(w), Vuv € E(G) is a bijective and
fE(G) - {1,3,5,.... ,2|E(G)| — 1}. A graph is said
to be an odd sum graph if it admits an odd sum
labeling”.

This article deals with odd sum labeling of the graph
K, ,,, a splitting graph of K, ,, a subdivision of K, ,,, a
supersubdivision of cycle C,,, when each edge of the
cycle is replaced by K,, and an arbitrary super
subdivision of path B, when each edge of the path is
replaced by K, with arbitrary m;.

Definition: For each vertex v of a graph G, take a new
vertex v’. Join v’ to all vertices of G adjacent to v. The
graph S'(G)thus obtained is called the splitting graph of
G. Clearly, if a graph G is (p, q) graph then the splitting
graph of G is a (2q, 3q) graph [15].

Definition: If each edge of a graph G is broken into two
edges by exactly one vertex, then the resultant graph is
said to be a subdivision of G and it is denoted by S(G).
Definition: A super subdivision of a graph G, denoted
by SS(G)is a graph obtained from G by replacing every
edge xy of G with a complete bipartite graph K., for
some t in such a way that the end vertices x, y of each
edge are merged with the two vertices of 2-vertices part
of K, ; after removing the edge xy from G [16].
Definition: A super subdivision of a graph Gis said to
be an arbitrary super subdivision of a graph G if every
edge of a graph G is replaced by an arbitrary K, ,,
where m varies arbitrarily. We shall denote it by
ASS(G).

II. MAIN RESULTS
Theorem 1: The graph K,, (n =1) is an odd sum
graph.
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Proof: Consider a (p,q)graph G which is a complete
bipartite graph K,,, n =1 where p is the number of
vertices in G and q is the number of edges in G. Let the

vertex set of G is V(G) ={u,u}U{v;:i=
1,2,.... ,n} then the edge set of G is E(G) = {w,v;,
vt i =12, ... ,n} and hence p=n+2and
q = 2n.

We define the vertex labeling function f:V(G) —
{0,1,2, ... ... ,q} as

fau) =0, fa)=q

and f(v;) =2i—1, wherei=12,....,n.

uy u,

Fig. 1. Ordinary labeling of K, ,,.

Then, the induced edge labels are

f*uv) =2i—1, Vi=12,.... T
ffluv) =2n+2i—1, Vi=12,.... .
Thus, f*(uv) € {1,3,5, ...... ,2q — 1}, V uv € E(G). So,
f(E@) ={13,5,

Therefore, f is the odd sum labeling of G, and hence,
K, n = 1is an odd sum graph.

Ilustration 1:

Odd sum labeling of a complete bipartite graph Kj 5 is
shown in Fig. 2.

0 10

1 3 5 7 9
Fig. 2. Odd sum labeling of K 5.

Theorem 2: S'(K, ), the splitting graph of K ,,, is an
odd sum graph.

Proof: Let v;,v, andu;, i = 1,2, ... ... ,n be the vertices
of a graph K,,. Let u; be the added vertices
corresponding to each u; and v; and v, be the vertices
added corresponding to v; and v, respectively. To
obtain S'(K;,,), each u; is joined to v; and v, as well
each u; is joined to v; and v, by an edge as shown in
Fig. 3.

Fig. 3. The splitting graph of K, ,,.

Clearly, E (S'(Kz_n)) = {wv,, wv, vw, v, w;,
wv,: =12, ... ,n}.

So. |E(S'(Ky) )| = 6n.0r g = 6n.

The vertex labeling of the graph S'(K, ,,) is defined as

f(v1) =0;

f(vz) =2n;
fw)=am+Qi-1);vi=12,.... T

f(vy) = 4n;

f(v,) = 6m;

flw)=2i-1;vi=12,..,n
The induced edge labeling f* for the graph S '(Kz'n) is
given by
fruw) = f) + ), Y uww € E(S'(K, )
s fruv) =4n+Qi-1), Vi=12,....,n

={4n+1, in+3,.... , 6n —1};
f*(wv,) = 6n+ (2i — 1), vVi=1.2,.... n
={6n+1, 6n+ 3, ... , 8n— 1}
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(i) =2i -1,
={1,3,.... ,2n—1};
f*(vou)=2n+2i—1,

={2n+1, 2n+3, ... ,4n — 1}
fruvy) = 8n+ (2i — 1), Vi=12,.... n
={8n+1, 8n+3,.... ,10n — 1};
fruv,) = 10n+ 2i — 1), Vi=12,.... n
={10n+1, 10n+3,..... ,12n — 1}

Thus,
fruv) € {1,3,5, ... ,12n—1} ={1,3,5, ... ... ,2q —

1},Vuv €E (S'(Kz_n)).

So, f* <E (5’(1<2_n))) ={1,3,5,.....,2q — 1}.
Therefore, f is the odd sum labeling of S ’(Kz,n)’ and
hence, S ’(Kz,n) is an odd sum graph.

Ilustration 2:

The odd sum graph S'(K; ,) is shown in Fig. 4.
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Fig. 4. Odd sum labeling of S'(K3,4).

Theorem 3: A subdivision of K,,(n € N) admits an
odd sum labeling.

Proof:

Let V(K,,) ={wv}U{w;: i=12,..... ,n} and
E(Kyp) ={uw;:i =12, ... ,npufow;:i=

1,2, ... ,n}.

Let u; be the vertex that divides the edge uw; for each
1 <i<n and v; be the vertex that divides the edge
vw; for each 1 <i<n. The resultant graph G =
S(K, ) is shown in Fig. 5.

Thus, V(G) = {u, v} U {u;, v;,w; : i = 1,2, ...... ,n} and
E(G) = {uw;, vv;, wyw;, v;w; : i = 1,2, ...... ,n}.
Clearly, ¢ = |[E(G)| = 4n.

Fig. 5. Subdivision of K, ,,.

We define a function f:V(G) - {0,1,2, ... ... ,q} as
fw=0; f(v) =gq;

) =2i—-1, Vi=12,.... R

Uy

Ugn

Usn—y

f(vi)=%+2i—1, Vi=12,.... JN;

flw;) =q+2—4i, Vi=12,.... R

The induced edge Ilabeling function f*:E(G) —
{1,35,....... ,2q — 1} is given by

frGy) =fC0) + f(¥),V xy € E(G).

The above stated labeling pattern gives rise to odd sum
labeling of S(K,,). Hence, a subdivision of K, ,(n €
N) admits an odd sum labeling.

Ilustration 3: The subdivision of K, 5 with its odd sum
labeling is shown in Fig. 6.

0

18 2

20
Fig. 6. Odd sum labeling of subdivision of K, 5

Theorem 4: A super subdivision of cycle C,,, when
each edge is replaced by K ; is an odd sum graph.
Proof: Suppose uy,uy, ... ... ... ,Ugpn—1,Usp, are the

vertices of given cycle C,,,.

Fig. 7. Cycle C,, and its super subdivision.
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Let e =wu;4,Vi=12,.... ,(4n—1 and e,, =
Uy, Uy be the edges of the cycle C,,. Fig. 7 shows a
cycle C,y, and its super subdivision SS(C,,) which is
obtained by replacing each edge e;,i = 1,2, ... ... ,4n by
a complete bipartite graph K, , for some positive integer
t in such a way that the end vertices of each edge e; are
merged with the two vertices of 2-vertices part of K, ;.
We take G = SS(C,,,) where
V) ={u:i=1.2,.... Anfu{y;ci=
1,2,..... An;j =12, .. .. , t}and
E(G) = {uivi_j,vi_juiﬂ =12, ... An —1;
=12,.... ,t}
U {UsnVan,js Van,jUs ] = 1,2, .0 ,t}

Now, we define a function f: V(G) - {0,1,2, ... ... ,q} as
follows, where g = |E(G)| = 8nt.
f) =2t —1D,Vi=12.... ,2n; f(u) = 2ti,

Vi=2n+12n+2,.... ,4n;
flo)=2t(-D+2/-1,Vi=12,....,40 V]
=12, ., t.

The above vertex labeling pattern with the induced edge
labeling function fEG) - {135,.... ,2q —
1}given by f*(xy) =fx)+f),Vxy€eEG)

implies the odd sum labeling of G. Hence, a super
subdivision of C,, when each edge of the cycle is
replaced by K, is an odd sum graph.

Ilustration 4: Fig. 8 shows the odd sum labeling of the
super subdivision of cycle Cg when each edge of Cg is
replaced by K 5.

Fig. 8. Odd sum labeling of super subdivision of Cg when each edge is replaced by K 3.

Theorem 5: An arbitrary super subdivision of path B,
when each edge of the path is replaced by K, ,,, with
arbitrary m; is an odd sum graph.

Proof: Suppose uq,uy, ... ... ... ,U, are the vertices of
given path P,. Let ¢, = w;u; 1, Vi=12,..... ,n—1be
the edges of P,,. Let G be an arbitrary super subdivision
of B, i.e. for 1<i<n-—1, each edge e; of P, is
replaced by a complete bipartite graph K., with
arbitrary positive integer m;.

Clearly,

V(G) ={u:i=12....,n}Ufvy:i=12,...,n—
Lji=12,.... ,m;} and

E(G) = {uivij,ui+1vij : l = 1,2, ...... ,n— 1, ]=

1,2, ... ,m;}.

Thus, g = |[E(G)| = 2 X1 m;.
Now, define a vertex labeling function f:V(G) —
{0,1,2, ... ... ,q} as
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f(u1) =0;
i-1

flw) = Zij, Vi=2,3...,n;
j=1

f))=f@)+@-DVi=12...,n—
= 1,2, ...... ,m;.

The induced edge Ilabeling function f*:E(G) —

{1,3,5,....... ,2q — 1} is given by

fGy) =f) +f(),Vxy €EG).

The above labeling pattern shows the odd sum labeling

of G. Hence, an arbitrary super subdivision of path P,

when each edge of the path is replaced by K ,, with

arbitrary m; is an odd sum graph.

Ilustration 5: Arbitrary super subdivision of path P,

with its odd sum labeling is shown in Fig. 10.
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Fig. 9. Arbitrary super subdivision of path P,.

Fig. 10. Odd sum labeling of arbitrary super subdivision of P;.

1. CONCLUSION

The attempt was made to identify odd sum labeling of
Ky n» splitting of K, and subdivision of K, ,, we
found that the results are relevant for m = 2. We also
took initiative to establish the odd sum labeling of a
super subdivision of cycle C,, when each edge of the
cycle is replaced by K,, and an arbitrary super
subdivision of path P, when each edge of the path is
replaced by K ,, with arbitrary m;.

IV. FUTURE SCOPE

One can attempt to establish odd sum labeling of K, ,,,
splitting of K,,,,, and subdivision of K, , for arbitrary
values of m. Researchers of this field can find more
graphs which follow the property of odd sum labeling.
Scope of investigation also holds true in applying odd
sum labeling property in context to different graph
operations.
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